Is there emitted radiation in Unruh effect? 
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Abstract 



The thermal radiance felt by a uniformly accelerated 
detector /oscillator /atom- the Unruh effect Jl[] - is often mistaken to be some 
emitted radiation detectable by an observer /probe/sensor. Here we show by 
an explicit calculation of the energy momentum tensor of a quantum scalar 
field that, at least in 1+1 dimension, while a polarization cloud is found to 
exist around the particle trajectory, there is no emitted radiation from a uni- 
formly accelerated oscillator in equilibrium conditions. Under nonequilibrium 
conditions which can prevail for non-uniformly accelerated trajectories or be- 
fore the atom or oscillator reaches equilibrium, there is conceivably radiation 
emitted, but that is not what Unruh effect entails. 

- Invited talk given by BLH at the Capri Workshop on Quantum Aspects of Beam Physics, Oct. 

2000. To appear in the Proceedings edited by Pisin Chen (World Scientific, Singapore, 2001) 

I. INTRODUCTION 



The title question has realistic significance in light of recent experimental proposals on the 
detection of 'Unruh radiation' emitted by linear uniformly accelerated charges @. Earlier 
findings of ours and others had already addressed this issue, with the results that, 
at least in 1+1 dimension model calculations, there is no emitted radiation from a linear 
uniformly accelerated oscillator in a steady state, even though there exists a polarization 
cloud around it. There could be radiation emitted in nonequilibrium conditions, which arise 
for non-uniformly accelerated atoms ( for an example of finite time acceleration, see [H), or 
during initial transient time for a uniformly accelerated atom, when its internal states have 
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not yet reached equilibrium through interaction with the field. For a review of earlier work 
on accelerated detectors, see e.g., @. For a discussion of nonequilibrium processes beyond 
the Unruh effect, see 

After Unruh and Wald's |J explication of what a Minkowski observer sees, Grove [Unques- 
tioned whether an accelerated detector actually emits radiated energy. Raine, Sciama and 
Grove [flljj (RSG) analyzed what an inertial observer placed in the forward light cone of the 
accelerating detector would measure, and concluded that the detector does not radiate. Un- 



ruh [12], in an independent calculation, basically concurred with the findings of RSG but he 



also showed the existence of extra terms in the two-point function of the field which could 
contribute to the excitation of a detector placed in the forward light cone. Massar, Parantani 
and Brout [|13|] (MPB) pointed out that the missing terms in RSG constitute a polarization 
cloud around the accelerating detector. Further discussion were conducted by Hinterleitner 
1 14|, Audretsch, Miiller and Holzmann |1| Massar and Parantani 

Both RSG and RHA treated particle- field interaction as a quantum dissipative sys- 
tem. RSG attributed the lack of radiation from the accelerated detector to the existence 
of a fluctuation-dissipation relation (FDR) governing its dynamics[|. Using the open system 
concept RHA constructed the influence functional and derived a set of coupled stochastic 
equations for a system of n-detectors in arbitrary (yet prescribed) states of motion in a 
quantum field. One subcase they studied related to Unruh effect was the influence of an 
accelerated detector on a probe (which is not allowed to causally influence the accelerated 
detector itself) via the quantum field. They found that most of the terms in the correlations 
of the stochastic force acting on the probe cancel each other, owing to the existence of a 
correlation-propagation relation, related to the fluctuation-dissipation relation for the accel- 
erated detector^]. The remaining terms, which contribute to the excitation of the probe, are 
shown to represent correlations of the free field across the future horizon of the accelerating 
detector. 

Here, we will use the simpler Heisenberg operator method to calculate the two point 
function and the energy momentum tensor of a massless quantum scalar field in a 1 + 1 - 
dimensional Minkowski spacetime minimally coupled to an accelerated particle with internal 
oscillator coordinates. Our analysis (based on Chapter 2 of Alpan Raval's thesis B) is more 



There is a common misconception that a FDR can be used to explain the cancellation of radiation 
reaction by vacuum fluctuations, not realizing that the former is classical in nature while the latter 
is a quantum entity. The FDR in our work exists at the quantum stochastic level and relates the 
quantum dissipation in a particle's trajectory [|| or an atom's internal degrees of freedom Q to the 
vacuum fluctuations in a field. It does not involve radiation reaction, which vanishes for a uniformly 
accelerated charge because of special conditions existing for the classical acceleration fields [fj]. 

2 Such a relation can be equivalently viewed as a construction of the free field two-point function 
for each point on either trajectory from the two-point function along the uniformly accelerated 
trajectory alone. 
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general than that of MPB in that the two-point function is calculated for the two points 
lying in arbitrary regions of Minkowski space, and not restricted to lie to the left of the 
accelerated oscillator trajectory. We show where the extra terms in the two point function 
are which were ignored in the RSG analysis. More relevant to answering the title question, 
we show that at least in two dimensions the energy momentum tensor vanishes everywhere 
except on the horizon. This means that beyond the initial transient, there is no net flux of 
radiation emitted from the uniformly accelerated oscillator. 



II. CORRELATIONS AND STRESS ENERGY OF QUANTUM FIELD 
A. Minimal coupling particle- field model 

As in RHA, we consider the scalar electrodynamic or "minimal" coupling of oscillators to a 
scalar field in 1+1 dimensions. This coupling provides a positive definite Hamiltonian, and is 
of interest because it resembles the actual coupling of charged particles to an electromagnetic 
field. We assume that the field and the detector are initially decoupled from each other, and 
that the field is initially in the Minkowski vacuum state. 

The complete action of the minimally coupled field - particle system is 




(2.1) 

where Q is the bare frequency of the oscillator and e its coupling constant to the field. 
Under uniform acceleration, the particle trajectory parametrized by the proper time r is 

x(t) = aT 1 cosh ar; t(r) = a -1 sinh ar. (2.2) 

Variation of the action leads to the following equations of motion: 



d 2 Q 



+ Q 2 Q =-ef (x(r),t(r)) (2.3) 



dT 2 1 "dr 

- = ej drf S(x - x(r))8(t - t(r)). (2.4) 

Because the action is a quadratic functional of the field and oscillator variables, these are 
also the Heisenberg operator equations of motion for the system. We shall thus view the 
above equations as operator equations from now on. 

The field equations are solved by introducing the retarded Green function of a massless 
scalar field in 1 + 1 dimensions: 

/oo dQ 
dr—G ret (x,t;x(T),t(T)) (2.5) 
-oo CtT 
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where 4>q is a solution to the homogenous field equations corresponding to Q = 0. We will 
find it convenient to introduce the null coordinates u = t — x and v = t + x. Correspondingly, 
we also find it convenient to define the regions F, P, R and L of Minkowski space as (R is 
called the Rindler wedge) 

F :u>0,v>0 P :u<0,v < 

R:u<0,v>0 L:u>0,v<0. (2.6) 

In terms of the (u, v) coordinates, the retarded Green function for a massless scalar field in 
1 + 1 dimensions takes the form: 

G ret (x, t; x(r),t(r)) = \6{t - t(r) -x + x(r))9(t - t(r) + x- x(r)) 

= \9(u + a- 1 e- ar )9(v-a- 1 e aT ). (2.7) 

With this substitution, an integration by parts in Eq. (|2.5| ) yields: 

(f>(x,t) = O (M) + f [0(-u)6(-\)Q(-a-Hn(\ au |)) 

+ 6{v)8{\)Q{a-Hn{\ av |))] (2.8) 

where we have also defined A = 1 + a 2 uv. The oscillator trajectory satisfies A = 0. The 
quantities — a _1 /n(| au |) and a~ l ln(\ av |) are just the retarded times of the point (x,t), 
according to whether it lies to the right or the left of the accelerated trajectory, respectively. 
These two cases are distinguished by the appearance of the step functions with argument 
=1=A. The step functions in u and v distinguish the cases when the point lies anywhere in the 
past light cone or anywhere in the forward light cone of the accelerated particle (these two 
conditions are simultaneously satisfied only in the Rindler wedge). With this in mind, we 
see that the first term linear in the coupling constant contributes only for points to the right 
of the oscillator trajectory, whereas the second term contributes only for points to the left 
of the oscillator trajectory and within the forward light cone of the oscillator. In particular, 
as expected, there is no correction to the field operator in the region LU P, which cannot 
be causally influenced by the accelerated trajectory. 

Along the accelerated trajectory, the solution for (f) reduces to 

<j>(x(T),t(r)) = 0o(x(r),t(r)) + |q(t). (2.9) 



Putting this back to the equation of motion for Q, (|2.3| ), we obtain: 

«4f + ^._* WT) , i(T)) . (, 10 ) 

The term linear in the proper velocity of the oscillator degree of freedom arises from the 
oscillator - field interaction and corresponds to dissipation of a quantum origin in the oscil- 
lator. 
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B. Equation of motion for the detector 



The above equation of motion is easily solved. If the oscillator field interaction has always 
been switched on, the oscillator has reached a steady state at any finite time. We can then 
ignore transient terms in the solution for Q and obtain: 

Q(r) = -^/ T oo rfr'sinfi(r-r')e-^')^(x(T'),t(r')) (2.11) 



where we have defined the dissipation constant 7 = and the frequency Vt = yQ^ — j 2 . 
We may also solve equation ( |2.1C| ) in frequency space. Ignoring transients as before, we 
obtain 

Q(u) = -L /°° dre-^Q(r) = X J{u) (2.12) 
Ztt J -00 



J(u/) = _JL/ dre~ lulT (i) Q {x(T),t(T)) (2.13) 



where 

J(ui\ = - 

2tt 

and Xu is the impedance function of the oscillator, given by 

X^ = ilo(-u 2 + ttl + 2iu-i)- 1 . (2.14) 

It satisfies the identity 

+ xt = 47 I X. I 2 (2.15) 

which has the form of a fluctuation- dissipation relation. We now expand <po in Minkowski 
normal modes: 

</>o(t, x) = 4 +) + 4 _) = / ak e^-^ + h.c. (2.16) 

J -oo ^/(27r) 2 2^ 

where h.c. denotes Hermitian conjugate and 0g is the Hermitian conjugate of The 
operators ak annihilate the Minkowski vacuum. Based on this separation of the field into pos- 
itive and negative frequency parts, we obtain the corresponding separation of the oscillator 
degree of freedom: 

Q( r ) = Q(+)( r ) + Q(-)( r ) (2.17) 

where 

Q(+\ T ) = -1 [* dr'smQ(r-r')e-^- T '^ i+ \x(r'),t(r')) (2.18) 
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and Q( ) is the Hermitian conjugate of Q( + \ 
On the accelerated trajectory, Eq. Q2.16| ) gives 



^\x(r),t(r)) 



d 2 k 



-. a]l [e^ e ~ aT e(k) + e^ eaT e(-k)}. 



Introducing the Fourier transforms of e^ e " T and e^ e " T , we get 



(2.19) 



r 



iui\ I k I — 



— a 



a ' 1 a 



W + r(f)|f 



(2.20) 



Differentiating with respect to r and substituting in the equation for Q^ + '(r), Q2.18Q , we 
obtain, after carrying out the integration over r, an expression of QW(r) . Then we can 
substitute it back into the equation for the field operator fl2.8|) and get 



na J- 



d 2 k 



x 



X 



rr— 



iuo s , k 



=a k 



a a 



- + r 



due x* 



ia\ . k 



a a 



aw 



;-m)6»(-A)+ I aw |~t 6{v)9{\) 



(2.21) 



where (jy£) t {x,t) = <f>(x,t) 
the oscillator. 



«.(+). 



x, t) accounts for the interaction of the quantum field with 



C. Two point function of the field 

In order to evaluate the two-point function (4>(x, t)4>(x', t')) in the Minkowski vacuum, 
we first recognize that it is equal to (^ + \x,t)4>^(x',t')). This is because only operator 
products of the form ai^a^ contribute when taking the expectation value in the Minkowski 
vacuum. Denoting {(/>(x, t)4>(x', t')) by G(x,t; x' ,£') and {<fio{x, t)4>o(x', t')) by G f(x,t; x' ,t r ), 
we obtain 

G{x, t- x', t') -G f (x, t- x', f) = {<^\x, t)<p { rj W, 0> 

+ (^ ) t (x,t)<p i -\x',f)) +(^(x,t)<pU(x',t')). (2.22) 

Using the expression for 0g (cc, t) and (p\~}(x', t') we obtain 

G(x,t;x',t') -G f (x,t;x',t' = f°° — (i-e^y 1 * 

| ™ ft e(-u)e(-u') {x*J(-X) + x^(-a') - 4 7 | x . I 2 8(-\)B(-\')} 

air *• J 
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+ 



av 
av' 



7 |-v 9(v)6(v') { X *J(\) + x^(A') - 4 7 | Xw | 2 0(A)0(A')} 
+ | a 2 W |v 0(-u)0(t/) { X *J(-X) + X^(A') - 4 7 | x . I 2 0(-A)0(A')} 
+ | aVv |~v 9(-u')9(v) { X *J(X) + X^(-A') - 4 7 | | 2 0(A)0(-A')} 

f ^(sinh^x 

An J-oo uj a 

[ I —, I* ta0(-u)0(-A)0(uO + X ^(-^(-A')W} 
cm; 



a?/ 

+ | a 2 uv' |v {;£0(_ u )0(_A)0(-i/) + x w 0(*O0W(«)} 

+ | a 2 n'« |-v {^(u'MA) W + X J{-u')9{-\')9{-v)}\. (2.23) 

The role of the relation ( |2.15|) in the cancellation of various terms in the first half of the above 
expression is thus made explicit. Different terms will vanish depending on which region of 
Minkowski space each of the two points is in, and according to whether these points are to 
the left or the right of the accelerated trajectory. 

The above result can also be obtained via a different quantization procedure. Instead 
of expanding the field in Minkowski modes, as above, we can use Unruh modes which are 
linear combinations of Rindler modes and positive frequency with respect to Minkowski time 
(see, for example [16[])- These modes are easier to handle in the manipulations involved. 
However, they have the disadvantage of being defined differently in each region (F, P, R and 
L). Although the Rindler modes are defined only in R and L, the Unruh modes, as linear 
combinations of Rindler modes, can be analytically extended to the entire spacetime. One 
then computes the two point function in a desired region by expanding the field in a complete 
set of Unruh modes as defined by analytic extension to that region. Of course, one always 
needs the mode decomposition in R, because the field operator at an arbitrary point depends 
both on the free field operator at that point as well as on the accelerated trajectory, which 
lies in R (see equations ( |2.8| ) and fl2.18| )). This procedure will not be repeated here, as it 
leads to the same result. 



D. Energy Momentum Tensor 

Let us first consider the coincidence limit of the two point function. In that case all terms 
involving u and v! or v and v' vanish as a consequence of the relation (|2.15 ). The remaining 
terms can be simplified to give: 

2/ 2/ 7 / \ did , 1 



(<p\x,t)) - (<pl(x,t)) = -J-q(v) / — (1-e-— )- x x 

111 J-oo UJ 

[I a 2 uv ft { x *J(-u)e(-\) + xJ(X)(6(u)e-^ + 9(-u))} 
+ | a'uv |"v { x „9(-u)9(-X) + X *J(\)(9(u)e-^ + 9(-u))}}. (2.24) 
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This corresponds to a static polarization cloud confined to the region FUR, i.e. v > 0. It is 
static because it is a function of uv = t 2 — x 2 in each region. Thus it is constant along any 
accelerated world line in particular. In F, the curves t 2 — x 2 = constant are spacelike curves 
and therefore do not correspond to world-lines of physical particles. Therefore any physical 
detector in F will respond to the field in a non-trivial, time-dependent way. 

However, it is simple to show that the renormalized energy-momentum tensor of the field 
vanishes everywhere except at the past null horizon v = of the accelerated trajectory, 
and on the accelerated trajectory itself. The energy-momentum tensor is renormalized by 
subtracting out the free field contribution. It is thus given by 



T 

II. 



T 



T 



lim 

u' — >u,v'— >v 



d u d u >(G(x, t; x', t') — Gf(x, t; x', t')) 
lim d v d v *(G(x, t; x', t') — Gf(x, t; x', t')) 



0. 



(2.25) 



Going back to the expression ( |2.23|) for the two-point function, we find, in P U L (i.e. 
v, v' < 0), that G(x, t; x', t') — Gf(x, t; x', t') = 0. Thus the renormalized energy momentum 
tensor trivially vanishes there. In the region FUR, and to the left of the trajectory, A, A' > 0, 
we have 



G (x, t; x' , t') — Gf (x, t; x't') = — 



J_ 

2vr 



r°° dco / 

J-oo UJ ^ 



-1 



(2.26) 







a 2 uv' 


a Xuj ( 



+ 



a 2 u'v 



-u) + 9{u)e ' 



The terms involving u, u' and v, v' all vanish as a consequence of ( |2.15| ). The remain- 
ing cross-terms do not contribute to the energy-momentum tensor, as can be checked by 
straightforward differentiation. 

Similarly, to the right of the trajectory, (A, A' < 0), we obtain 



(^t)^',^)) - (0o(m)0o(z , ,* / )> = r — (! 

27T J-oo UJ 



X 



a 2 uv' 



* i 



a 2 u'v 



(2.27) 
(2.28) 



The energy-momentum tensor vanishes here as well, in a similar fashion. 

If we therefore consider a world-tube formed by two accelerated world-lines with A > 
and A < in the Rindler wedge, then this tube encloses the accelerated trajectory A = 0. 
Also the energy-momentum tensor vanishes everywhere on the boundary of the tube. Hence 
there is no flux of energy-momentum, or radiation from the oscillator at A = 0. 

The cross-terms in u,v' and u',v which appear in the above expressions are missing in 
RSG. Although we have found that they do not contribute to the energy-momentum tensor, 
they do signal the presence of a polarization cloud around the oscillator. These results 



support those of Unruh |12]and MPB [13|]. However, the above analysis has the advantage of 
clearly displaying the role of the "fluctuation-dissipation relation" (|2.15|) in the cancellation 
of terms which would naively be expected to contribute to the energy-momentum. Also, we 
have here computed an expression for the two-point function which is valid over the entire 
spacetime. This is a generalization of previous work. 

Calculation is underway in four dimensional spacetime, which is certainly more physical. 
In this case |17| we expect to see the ordinary classical radiation of the Larmor type from 
a uniformly accelerated charge, but the question of interest to us is whether in 4D there is 
emitted radiation. If there were it should manifest in the content of the energy momentum 
tensor and, being of quantum nature, discernible from the classical radiation. This would 
further clarify any existing confusion on the nature of Unruh radiation. 



ACKNOWLEDGMENT 

We thank Pisin Chen for his invitation to this interesting workshop and Stefania Petracca 
for her warm hospitality. This research is supported in part by NSF grant PHY98-00967 



9 



REFERENCES 



W. G. Unruh, Phys. Rev. D14, 3251 (1976) 
Pisin Chen, "Event Horizon" This volume. 

A. Raval, Ph. D. Thesis, University of Maryland, College Park, 1996 
A. Raval, B. L. Hu and J. Anglin, Phys. Rev. D 53, 7003 (1996). 

A. Raval, B. L. Hu and D. Koks, Phys. Rev. D 55, 4795 (1997). 

S. Takagi, Prog. Theor. Phys. Suppl. 88, 1 (1986). V. L. Ginzburg and V. P. Frolov, Sov. 
Phys. Usp. 30, 1073 (1988) 

B. L. Hu and P. R. Johnson, "Beyond Unruh Effect: Nonequilibrium Dynamics of 
Quantum Charged Particles" . This Volume. 

P. R. Johnson and B. L. Hu, "Worldline Influence Functional Derivation of Lorentz- 

Dirac- Langevin Equation from QED". This volume. 

W. G. Unruh and R. M. Wald, Phys. Rev. D29, 1047 (1984) 

P. G. Grove, Class. Quan. Grav. 3, 801 (1986) 

D. J. Raine, D. W. Sciama, and P. G. Grove, Proc. Roy. Soc. Lond. A435, 205 (1991). 
W. G. Unruh, Phys. Rev. D 46, 3271 (1992). 

S. Massar, R. Parentani and R. Brout, Class. Quantum Grav. 10, 385 (1993). S. Massar, 
R. Parentani, Phys. Rev. D54, 7426, 7444 (1996) 
F. Hinterleitner, Ann. Phys. 226, 165 (1993). 

J. Audretsch and R. Miiller, Phys. Rev. D49, 4056 (1994). J. Audretsch, R. Miiller and 
M. Holzmann, Phys. Lett. A (1995) ^r-qc/ 9503012] 

N. Birrell and P. W. C. Davies, Quantum Fields in Curved Spaces (Cambridge University 
Press, Cambridge, 1982) 

M. L. Tseng, A. Raval and B. L. Hu, in preparation (2000) 



10 



